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SYMMETRIC ACHROMATIC BEAM TRANSPORT SYSTEMS

Altoough these systems have been studied elsewhere 1t may
e useful to summarize some formulas for guick reference,
With the dispersive displacement-slope vector written as

(x, x', 4p/p)} the transfer matrix is of the form

1= ( ) (13}

= ad - he = 1.
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Several general relations are useful:

1) The inverse matrix is

o =l -¢ a -af+ce
o0 1

1 4 -b owf-de
Ll o= (2)

2) If the polarity of all the bending magnets is reversed and
the orbit is bent 1n the opposite direction x, hence also x',

changes sign ana the Transfer matrix 1is

. {1 ©° 0 -1 3¢ a b —e
e=f g 104y o -10\ =lcaqg -¢ (3
> 01 0 01 00 1

) If il is the trancie.r matrix of the first half of a symmetrie

gystem that of the zecond nalf is

5 1 00 . 1 20 d b bf-de
MW =10 -1 0 T 7 -1 0 =|c a af-ce (4)
0 71 0 C 1 0 0o 1



4)  If the second nalf of a symmetric system nas the polarity of

2ll pbending magnet:z ra2versed the transfer matrix is

‘ -1 06\ _f-1 00 a b de-bf
SR 2 O -1 0 §r 3 -1 0 = ¢ a ce-af (5)
o 01 g 01 G 0 1

For specific beam transport elements Gthe transfer matrices

are
{a) Gradient tendin~ magnet "G" with ends perrendicular to
beam o 0
— COS O = 3in o —ijjfj;-(lacos ¢
i _
- —— l - n o 3 A . l
R - 3 sin < cos b T sin ¢
0 0 1
0 (6)
cos P 7= sin ¥
M = iy
J - —%— sin cos ¥

where 9 = /T - n 9, ¢ = vVn 0, 2 is the bending angle, ¢ is the
radius of curvature, and n I —OE(E'/BQ)= -pz[field gradient/{Be)
of <he particl% is the conventlional [leld czradlent index. Also,
since there is no dispersicon in the y-direction, My 15 written
as a 2x2 matrix for 'he displacement-sliope vector (v,y').

For bending magnet with uniform fleld and ends perpendicular
t0 beam the transfer matrices are obtained from Eq. (6) by simply
putting n = 0.

{b) Benéding magnet "B" with uniform fleld and parallel ends.

1 p6inG 205in26/2
(’74 = {0 1 2tan@/2
X 0 9 1

(7)
(1 - Otang/? 00

- 1/p{tant/2){2 - 32tant/2) 1 - Otan/2
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whers p is the radius of curvature and 2 1s the tending angle
and where, since there is no dispersicn in the y-direction, My is
written as a 2x2 matrix for the displacement-slope vector (y,y').

(¢) GQuadrupole magnet "QY

cos wh 1/wsinw? D
Mx = -wsinwg coswl O
0 0 1
(8)
) coshwt 1/wsinhwi
i"{y (wsinhwl coshwl

where w® = BY/Bp = field gradient of "Q“/EBQ) of the particlé}
znd 2 = length of "Q". When the polarity of "Q" is reversed the
2x2 part of Mx and Hy will simply be interchanged.

(d) Edge angle of bending magnet "E"

1 0 0
. tan «
l'f[X p

0 0

(9)
w 1 2
l’[y - tan a 1
0

where o is the edge angle taken to be positive when the edge 1s
norizontally defocusing.

(e) Drift space "L

il
OO
Q=
OO

s (10)
)

where s 1s the length of the drift space.
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Since "2" "D" and "E" are =211 nondispersive we can ccnsider
the symmetric achromatic system to begin and end with "BY, There
are two general types of systems:

1. Eending svsten

Let the deslred bending angle be 20, Then the first
half of the system wlll btend the beam bty angle 0. For achromatism
the (23} element, namely f, of the transfer matrix of the first
half must vanish. This condition clearly cannot be satisfied by
a "B" alone or a "B" followed by a "D". The simplest possible
combination is "EDQ". However tc zet some flexibility we will
consider the combination "BDQD" 2s the first half of the system.

The x-transfer matrix of the first half is, therefore,

1ra0 cos wl 1/w sin w? 0
Mx =010 -w sin wi cos wh 0 x
001 0 0] 1
(11)
1 s 0 1 p sin 7 :psin2®/2
910 0 1 2tan®/2
ool 8] 0 1

The condition »f achromaticity, namely the (23) element of Mx

must wvanish, then, gives
Cos wl = w(s + £ =in 2} = A, (12)
»

When this condition 1s satisfied we have

A=l 1fa - ) - ®), 2 2ATAT s ©
VAETY: “[ T+ i2 UL d Ac_l w ]
M=
X 1 A -3 9 (13)

\ TR TR

0 0 1
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where
LA T w(s + p/2 sin B)
F = wr
S = us
and where the (13) term gilves the “Isplacement dispersicn at the

middéle of the system, namely
X .-C%. /1 + A% tan g)gﬂ (14)

Both the (13) and the (23) terms of the transfer matrix for the

whole system M3M, will vanish and the optical part (the 2x2

2 Sp,
part) of MM, becomes

_ 2 4 2
Lla - g+ L= A 1 0 —*—[_ 1-AZ
Sy ! ual: A - R:I ] =
X'x : A-R
0 1 - 2w 1 1 fi1s)
1+AZ

showing that optically in the norizontal direction the system Is
equivalent to a thick lens with principal planes at distances

1 2
+ IJMJ%.— S + izll;g} from the ends and (focal length)~l equal to
AS R *

1+ A

-2

There is no particular simple way of exhibiting the vertical

optics of M, of the system. One will just have to multiply the

y
matrices involved directly.
The total rength of the system 1s clearly

L =2{p0 +s5 + 2 + 7). (16)
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2. Displacing systen
Again, considering the combination "2DQD" as the first
nalf of the system we see that the x-transfer matrix of the first
half is, again, given by Eq. (11). The condition of achromaticity
1s, however, now that the (13) element of HX must vanish. This
sives
A+ R

tan wl = - TT_A—R- (17)

When this condition i1s satlisfied we have

+ R? Lep - 5) Lt R 0
1 + Aé w 1 + Az

B > 2
A+ R (A - 3)(A + R) 4 fLAS #;+A tan® J(18)
Y /1+ A<)(1+R%) A1 + a2)(1 + re) Y14R2 R2 g
0 0 1

where, again,

A = w(s + p/2 sin ©)
R = wr
3 I ws

The (23) term gives the angle dispersion at the middle of the

system, namely

) 2
x' = | 2 [1tA tan @ YAp {19)
41+52 2 Ip

The optical part of the transfer matrix MR, ocecomes

_ 1 L (a-5) 1 c\f1 L (a-5)
aSRi = W w
X Tx 0 1 w AR 1 Qo 1 (20)
1+A°

indicating that optically w the horizontal direction the system

is equivalent to a thick lens with principal planes at distances
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+ % (A-3) from the ends and (focal length)-! equal to 2w A*R
The total length of the system is, again, given by Zg. (16) and
the total displacement of the beam is approximately
(p@ + 2s + 2% + 2r)sin ©.

Also, here, there is no particular simple way of exhibiting
the y-optics of the system. One will just have to multiply the
matrices involved directly.

The two systems are shown in the following diagrams:

Hdending System

Displacing System



